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We measure the rotational statistics of neutrally buoyant rods with lengths 2.8 < l/η < 72.9 in turbulence.
For particles with length in the inertial range, we derive a scaling relationship for the mean square rotation rate,
〈p˙ip˙i〉 ∝ l
−4/3 and show that measurements approach this scaling. Deviations from the proposed scaling are
explained as the effect of dissipation range scales. The correlation time of the Lagrangian autocorrelation of
rod rotation rate scales as the turn over time of eddies of the size of the rod. Measuring rotational dynamics of
single long rods provides a new way to access the spatial structure of the flow at different length scales.
The dynamics of particulate material in fluid flows is im-
portant in a broad range of problems in nature [1] and in-
dustry [2]. Particles that are small and neutrally buoyant ex-
hibit the same translational dynamics as fluid elements and are
considered Lagrangian tracers. However, in many cases the
particulate matter has different dynamics from fluid elements
because it is not density matched with the fluid or has sizes
larger than the smallest length scales of the flow. The mo-
tion of density mismatched spherical particles in fluid flows
has received a lot of attention [3–6]. Recently, the motion of
neutrally buoyant, large, spherical particles in turbulent flows
have become accessible in experiments [7–10] and numerical
simulations [11, 12], and this has provided a novel method by
which the spatial structure of turbulent flows can be probed
with single particle measurements. The dynamics of spheres
that are both large and density mismatched is more complex
and has been addressed by some very recent experiments [13].
Anisotropic particles have very different translational and
rotational dynamics from spherical particles. Measurements
and simulations of small rod-like particles show preferential
alignment with the velocity gradients of the flow [14, 15] and
this alignment suppresses the measured rotation rate in turbu-
lent flows [16, 17]. A wide range of experimental and numer-
ical studies have explored the dynamics of neutrally buoyant
small rods and fibers in different flows [18–22]. Only a few
studies have focused on the dynamics of long rods in turbu-
lence, where rod length spans over many times η, the Kol-
mogorov length scale [16, 23]. Using numerical simulations
and slender body theory, Shin and Koch [16] studied the trans-
lational and rotational dynamics of long fibers in turbulent
flow at Taylor Reynolds number up to Rλ = 53.3. Among
other things they show how the mean square rotation rate de-
creases as rods become longer than the tracer limit and iden-
tify the key role played by alignment of rods.
It is known that the acceleration variance of large spheres
scales with their diameter approximately as 〈a2〉 ∼ d−2/3 for
d in the inertial range [7–10]. This result can be obtained by
dimensional arguments simply assuming that the sphere ter-
minates the cascade at its diameter [7]. It can also be derived
from the inertial range form of the pressure structure func-
tion or the acceleration correlations [8–10]. This suggests that
measuring the acceleration of large spheres provides access to
the statistics of the turbulence at scales equal to the size of
the spheres using only single particle measurements. Recent
experimental work by Volk et al [10] finds that the d−2/3 scal-
ing is not exact and proposes an improved scaling of d−0.81
by including intermittency in the pressure structure function.
The fact that the accelerations of large spheres provides infor-
mation about inertial range scaling suggests that similar infor-
mation should be available in the rotations of long rods.
In contrast to the point-particle models used for small in-
ertial particles, the equations of motion for large spheres are
largely unknown. Faxe´n corrections can be used to extend
point particle models to describe large spheres [24], but these
models have difficulties when particles are much larger than
η [11].
For rods, the analytical work can be done more rigorously
to connect the motion of rods to the fluid motion. Olson and
Kerekes [23] have introduced a model to describe the rota-
tional velocity of fibers. This model is based on the assump-
tion that the fibers are infinitely thin and composed of a num-
ber of sections smaller than η which are hydrodynamically
independent. For a neutrally buoyant fiber of length l, the ro-
tation rate is
p˙i =
12
l3
∫ l/2
−l/2
(δij − pipj) uj(r)rdr (1)
where p is the orientation unit vector of the fiber and u is the
turbulent velocity at points along the fiber. If the orientation
of a rod is uncorrelated with the velocity field in Eq. 1, then
the mean square rotation rate of randomly oriented long rods
is [23]
〈p˙ip˙i〉 =
48u˜2
l3
∫ l
0
[
1− 3
r
l
+ 2
(r
l
)3]
RNN (r)dr (2)
where u˜2 is the rms velocity of the fluid flow and RNN(s) is
the fluid transverse velocity correlation function at separation
distance of r. Shin and Koch [16] show that Eq. 2 is in good
agreement with their simulations for the case of randomly ori-
ented rods.
In this paper, we introduce a scaling for the mean square
rotation rate of rods with lengths in the Kolmogorov inertial
2Rλ u˜ L η τη
= (15u˜L/ν)1/2
√
uiui/3
〈ǫ〉
= u˜3/〈ǫ〉 = (ν3/〈ǫ〉)1/4 = (ν/〈ǫ〉)1/2
mm/s mm2/s3 mm mm s
150 30.4 319 87.9 0.36 0.074
210 62.8 2800 84 0.21 0.025
TABLE I: Table of flow parameters: Rλ, Taylor Reynolds number; u˜, rms velocity of the flow; L, energy input length scale; 〈ǫ〉, energy
dissipation rate; L, energy input length scale; η, Kolmogorov length scale; τη , Kolmogorov time scale. ν is the fluid kinematic viscosity and
is 1.75×10−6 m2/s.
range. This scaling can be obtained either from dimensional
arguments or from Eq. 2. The rotation rate has dimensions of
inverse time, so for tracer rods it scales with the Kolmogorov
time scale, 〈p˙ip˙i〉 ∼ τη−2. Assuming that long rods are only
rotated and aligned by eddies close to their size, the mean
square rotation rate for rods at length scale l will scale like
τl
−2
, where τl is the time scale of eddies of size l. In the
inertial range the time scale τl can be defined as τl = l/ul =
l/(l〈ǫ〉)1/3), where ul is the velocity at length l, and 〈ǫ〉 is
the mean energy dissipation rate. This dimensional argument
gives 〈p˙ip˙i〉 ∼ l−4/3 for l in the inertial range.
The same l−4/3 scaling can be obtained using Eq. 2, with
the additional benefit that the coefficient of the scaling law
can be determined in terms of the coefficient of the second or-
der structure function. In homogeneous turbulence the trans-
verse correlation function is given in terms of the transverse
velocity structure function, u˜2RNN (r) = u˜2 − 1/2DNN(r).
In the inertial range of isotropic turbulence, DNN (r) =
(4/3)C2(〈ǫ〉r)
(2/3)
, where C2 is an approximately universal
constant [25, 26]. Using this form in Eq. 2, the mean squared
rotation rate for randomly oriented rods in the inertial range is
〈p˙ip˙i〉
(〈ǫ〉/ν)
=
108
35
C2
(
l
η
)−4/3
(3)
where ν is the kinematic viscosity. Here we use the fact that
only scales near the length of the rod contribute to the rotation
rate in Eq. 2 so that in the high Reynolds number limit the
inertial range form of the structure function can be used for
all r.
We have performed a series of experiments to measure the
rotation of rods in 3D turbulence for rod lengths that ex-
tend from the dissipation range well into the inertial range
to explore whether an l−4/3 scaling range exists. We mea-
sure neutrally buoyant rod like particles with lengths ranging
from 2.8η up to 72.9η in a turbulent flow between oscillating
grids [27]. The rods are nylon thread with diameter of 0.2
mm and are cut to different lengths (l =1, 3, 6.8, 15.2 mm).
All particles are dyed fluorescent for better detection. The
rotational dynamics of rods are measured using stereoscopic
images from four high speed cameras[17]. Each camera that
detects a rod defines a plane in which the rod should exist.
We require at least three cameras to detect each single rod
and the orientation of the rod is the intersection of the planes
these cameras define. The detection volume is illumined with
4 laser beams. This has nearly removed a limitation in earlier
experiments [17] where the probability of detecting a particle
depended on the orientation of the particle with respect to the
laser beam.
The rotation rate vector of rods, p˙, is measured from
quadratic fits to the measured orientations along trajectories
versus time. The measurements are at two different Taylor
Reynolds numbers (Rλ =150, 210). We have done parallel
experiments with tracer particles to measure the turbulence
parameters. From measured tracer velocities, we extract the
second and third order longitudinal structure functions and
obtain the energy dissipation rate, 〈ǫ〉, from Kolmogorov’s 4/5
law. We obtain the flow parameters shown in Table I from the
measured energy dissipation rate and rms flow velocity.
In these experiments the maximum detection volume is 160
cm3, while the effective detection volume is different for each
rod length and is the smallest (85 cm3) for the longest rods at
15.2 mm. The effective detection volume is smaller to ensure
that the entire rod is in the illuminated detection volume so the
position and orientation of rods are measured more accurately
based on the full length of rods. The number density of rods is
small so particle-particle interaction is negligible. The particle
concentration is 0.025 cm−3 for 1 mm rods, and 0.0075 cm−3
10 20 30 40 50 60
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
 
 
l~η
2.8η
4.9η
8.5η
14.5 η
19.1 η
32.8 η
42.4 η
72.9 η
Pr
ob
ab
ilit
y d
ist
rib
ut
io
n
 
iiii
pppp &&&&
FIG. 1: (Color online) The PDF of rotation rate squared for different
rod lengths. The lengths of rods are l/η= 2.8 (green crosses), 4.9
(black filled circles), 8.5 (right triangles), 14.5 (open squares), 19.1
(red open circles), 32.8 (blue diamond), 42.2 (brown left triangles)
and 72.9 (purple asterisk) and tracers from simulation (solid gray
line). The results are reported from two experiments at Rλ = 150
and 210. The simulations[17] are for tracer rods at Rλ=180.
3for the longest rods at 15.2 mm. The uncertainty in measuring
the center of rods is 60µm for the 1 mm rods and 180 µm for
15.2 mm rods. This uncertainty is determined based on the
stereomatching accuracy. The accuracy of measuring the ori-
entation for 1 mm particles is 0.01 rad and increases with rod
length. The uncertainty in the orientation of the rods is deter-
mined from the residual of the intersection of planes defined
by multiple cameras.
Figure 1 shows the probability distribution function (PDF)
of the rotation rate squared, p˙ip˙i, normalized by the mean for
different rod lengths. The PDF shows only a weak depen-
dence on the rod length and all rod lengths show rare events
with large rotation rates. The probability of rare events is
somewhat smaller for long rods (l/η > 20) than for tracer
rods (l/η < 7); however, this difference is slightly larger than
the measurement uncertainty due to the smaller number of
samples for long rods. The error bars represent the random
statistical error and the systematic error in measuring the ro-
tation rates. Qualitatively, the rotation rate PDF depends on
rod length in the same way that the acceleration PDF for large
spheres depends on diameter [10], with only a small narrow-
ing of the tails for large particles.
The mean square rotation rate for different rod lengths is
shown in Fig. 2(a). Our experimental measurements show that
by increasing the length of rods, the mean square rotation rate
decreases. This is expected since longer rods should begin to
filter out the contributions from some eddies smaller than their
length. These results agree with an earlier simulation[16] of
long fibers in turbulent flow at Rλ =53.3. The experimental
measurements are slightly larger, but the difference is only a
little larger than the measurement uncertainty.
For a more detailed understanding of the dependence of the
rotation rate on the length of rods, we compare these results
with the rotation rate of randomly oriented rods. Assuming
the orientation of rods is uncorrelated with the fluid veloc-
ity, Eq. 2 can be used to calculate the mean square rotation
rate from measured second order structure functions. Fig-
ure 2(a) shows the mean square rotation rate for randomly
oriented rods predicted by this model using our experimen-
tal measurements of DNN at Rλ=150, 210. The mean square
rotation rate of short rods is much smaller than randomly ori-
ented rods of the same length (l/η). However, this difference
decreases as the length of the rod is increased. Previous stud-
ies of tracer rods [14, 16, 17, 28, 29] have shown that as rods
are carried by the flow their orientation becomes correlated
with the directions defined by the velocity gradient tensor of
the flow. This alignment results in suppression of the rota-
tion rate of short rods compared to randomly oriented rods
[17]. The smaller differences between the measured rotation
rates of long rods and randomly oriented rods suggests that the
alignment is weaker between long rods and the velocity gra-
dients responsible for rotating the long rods. In the previous
simulations of long fibers [16] the correlation of long fibers
with the flow is much weaker than what we see in the ex-
periment, possibly as a result of their much smaller Reynolds
number.
Figure 2(b) shows the inertial range scaling law from Eq. 3
with C2 = 2.0 and compares it with the experimentally mea-
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FIG. 2: (Color online) Mean square rotation rate as a function of rod
length. a) Comparison of the experimental data at Rλ =150 (red open
circles) and 210 (red squares) with the model of randomly oriented
rods at Rλ=150 (purple diamond) and Rλ= 210 (black triangles). b)
Comparison of the mean square rotation rate of rods (red open circles
and squares) and the model for randomly oriented rods (diamond and
triangles) with an l−4/3 inertial range scaling law (solid green line).
sured rotation rates and the prediction of Eq. 2 for randomly
oriented rods using the measured velocity structure function.
Both the measured rotation rates and the prediction of Eq. 2
approach an l−4/3 scaling for large l. The experimental data
has a smaller coefficient compared to randomly oriented rods
as expected due to alignment effects. Within error bars of the
experimental data for l > 30η, one could also fit the data with
a different exponent slightly steeper than −4/3. In this same
range , the prediction of Eq. 2 is also steeper than l−4/3. The
cause of the steeper scaling can be found in the fact that the
prediction of Eq. 2 overshoots the power law scaling in the
range 20η < l < 50η. This overshoot occurs in the range of
scales slightly larger than the dissipative range because scales
smaller than the length of the rod contribute to the rotation
rate. For l > 50η, well into the inertial range, the prediction
converges with the scaling law from Eq. 3 because here the
contributions from the dissipation range are becoming negli-
gible. The overshoot also appears to exist in the experimental
4rotation rate data, although the effect is of the same size as the
measurement uncertainties.
The slightly steeper scaling of the rod rotation rate is sim-
ilar to the effect observed in Ref. [10] for the accelerations
of spheres with diameters in the inertial range. They argue
that intermittency effects are responsible for the difference
between their measured scaling and the prediction of dimen-
sional analysis. It is possible that intermittency effects also
play a role for rods. However, the availability of a solid the-
oretical foundation for calculating rotation rates of long rods
suggests another possible explanation due to effects of small
scales. We have used the Batchelor parameterization [30, 31]
of the structure function at very high Reynolds number in
Eq. 2 and find an overshoot which leads to steeper scaling
for 30η < l < 100η and then an agreement with l−4/3 for
l > 100η. This parameterization has no intermittency effects.
It is possible that spheres also have an overshoot in which par-
ticles only a little larger than the dissipation scale have accel-
erations larger than the inertial range power law due to the
contributions from dissipation range scales.
To measure the mean square rotation rate, we use the ex-
trapolation method developed in Ref. [7] to remove the de-
pendence on the smoothing used to measure derivatives. The
extrapolation to zero smoothing length is known to overesti-
mate the actual rotation rate, and we performed a simulation
of our measurement system to estimate the size of this over-
estimate. The translational motion of tracer rods matches that
of fluid particles, so we are able to use a database of previ-
ously simulated Lagrangian trajectories [32] to integrate Jef-
fery’s equation [33] and obtain the orientation of tracer rods
along Lagrangian trajectories. We have used these trajectories
to create simulated experimental images of rods and analyzed
these images with the same analysis codes used for the ex-
perimental data. The extrapolated mean square rotation rate
of simulated rods is found to be larger than direct measure-
ments of the DNS rods by 6%. We have corrected for this by
shifting our mean square rotation rate measurements down by
6%. The error bars on the experimental measurement of the
mean square rotation rate in Fig. 2 represent both statistical
uncertainty and the systematic error due to the overestimation
correction.
The small difference between two Reynolds numbers in the
model for the mean square rotation rate of randomly oriented
rods in Fig. 2 is due to uncertainties in measuring the sec-
ond order transverse velocity structure function. As there are
very few tracer particle pairs measured with very small sep-
arations (r < 15η), we used analytical forms of the struc-
ture function there. For r < η, the dissipation range is
DNN (r) =
2
15 (〈ǫ〉/ν)r
2
. For η < r < 15η, we use a fit
of the Batchelor parametrization [30, 31]. This method pro-
vides a smooth transition from small scales to the region of
experimentally resolved velocity structure function.
Figure 3(a) shows the Lagrangian autocorrelation of rota-
tion rate measured for different rod lengths. Our measure-
ments show that the correlation time of the rotation rate de-
pends on the length of rods and increases with rod length.
Similar autocorrelation functions were obtained in simula-
tions [16] at Rλ=39.9. We expect that if the rods are rotat-
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FIG. 3: (Color online) Lagrangian autocorrelation of rotation rate
for different rod length. The lengths of rods are l/η= 2.8 (green
crosses), 4.9 (black filled circles), 8.5 (right triangles), 14.5 ( open
squares), 19.1 (red open circles), 32.8 (blue diamond), 42.2 (brown
left triangles) and 72.9 (purple asterisk). a) Time is normalized by
the Kolmogorov time. b) Time is normalized by the turn over time
of eddies with size equal to the length of the rods, τl. The symbols
are displayed at every other data point.
ing due to eddies of their size, l, then the decay time for the
correlation of rotation rate should scale as the turn over time
at the length of the rods. In Fig. 3(b) the horizontal axis (t)
is normalized by τl, time scale of eddies with length scale
l. After this normalization, the Lagrangian autocorrelation
of rotation rate for all rod lengths collapse on a single curve
within measurement uncertainty. The time scales for short
tracer rods (l/η < 5) is the Kolmogorov time-scale (τη) and
the time scales for longer rods are measured from longitudinal
second order velocity structure function of the fluid particles
(τl = 1√15 l/δul =
1√
15
l/
√
DLL(l)). Measuring the autocor-
relation function for long rods (l = 42.4η and 72.9η) is dif-
ficult as the effective detection volume is small compared to
the length of these rods so the trajectories are not long enough
to measure long time autocorrelations. The collapse seen in
Fig. 3(b) provides additional evidence, beyond that seen in
the mean square rotation rate data, that rod rotations are con-
trolled by eddies with size near the rod length.
5Long rods provide a promising path for studying the dy-
namics of large particles in turbulence. For rods, slender body
theory can be used to connect particle motion with the fluid
flow even for particles much larger than the Kolmogorov scale
while the analytical results for spheres are only available for
small deviations from the small particle limit. We have pre-
sented measurements of the rotations of rods with lengths ex-
tending well into the inertial range, and we find that the mean
square rotation rate in the inertial range approaches the l−4/3
scaling that is expected from inertial range scaling of the ve-
locity structure functions. The PDF of rotation rate shows
only a weak dependence on rod length. We find that rods
develop preferential alignment so that their rotation rates are
significantly smaller than that predicted for randomly oriented
rods. This alignment depends on rod length as rods in the iner-
tial range show a smaller effect of alignment than tracer rods.
The Lagrangian autocorrelation time of the rotation rate de-
pends on the length of rods and scales with the eddy turn over
time at a scale equal to the rod length.
Shin and Koch [16] provided a groundbreaking simulation
data set on this problem, but were limited to Rλ < 53.3 where
there is essentially no inertial range. Future high Reynolds
number DNS using their method of simulating long fibers of-
fers the possibility to study the motion of long rods while also
having access to the full velocity field around the rods. Ex-
perimental tracking of long rods in turbulence allows access
to the dynamics of turbulent scales at the length of the par-
ticle from single particle measurements, and has potential to
provide valuable information about Lagrangian dynamics as a
function of scale in complex turbulent flows.
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